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JEE Syllabus :

continuity of a function, continuity of the sum, difference, product and quotient of two functions,

continuity of composite functions, intermediate value property of continuous functions
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A.

DEFINITION OF CONTINUITY

Continuity at a Point : = A function fis continuous at c if the following three conditions are met.

(i) f(x) is defined. (ii) lIM f(x) exists. (i) M f(x) = f(c).

X—C

In other words function f(x) is said to be continuous at x =c, if LiTCit f(x) = f(c).

Symbolically f is continuous at x = ciif LgToit f(c-h) = LgToit f(c+h) = f(c).

X=a

(continuous) (Discontinuous)

One-sided Continuity :
A function f defined in some neighbourhood of a point c for c < c is said to be continuous at ¢ from the

left if M £(x) = f(c).

A function f defined in some neigbourhood of a point c for x > c is said to be continuous at c from the
; i lim =

right if it f(x) = f(c).

One-sided continuity is a collective term for functions continuous from the left or from the right.

If the function f is continuous at ¢, then it is continuous at c from the left and from the right .

Conversely, if the function f is continuous at c from the left and from the right, then L'an f(x) exists &

lim f(x) = f(c).

X—C

The last equality means that f is continuous at c.

If one of the one-sided limits does not exist, then L'an f(x) does not exist either. In this case, the point

c is a discontinuity in the function, since the continuity condition is not met.

Continuity In An Interval :
(a) A function f is said to be continuous in an open interval (a, b) if f is continuous at each & every
point € (a, b).

(b) A function f is said to be continuous in a closed interval [a,b] if :

(i) fis continuous in the open interval (a, b) &

(if) fis right continuous at‘a’ i.e. L)('E;lt f(x) = f(a) = a finite quantity.

(iii) fis left continuous at ‘b’ i.e. I;iirgi_t f(x) = f(b) = a finite quantity.
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A function f can be discontinuous due to any of the following three reasons :

(i) Lir_T)lcit f(x) does not exist i.e. I;'ch",t f(x) = I;'Lrgit f(x)

(ii) f(x) is not defined at x= c Giiy LMt ) » £ (o)

Geometrically, the graph of the function will exhibit a break at x= c.

Ex.1 Test the following functions for continuity
2x° —8x% +11 3sin® x +cos® x +1
a b) f(x)=
(@) x*+4x3+8x%+8x+4 (b) (x) 4cosx—2
Sol.

(a) A function representing a ratio of two continous functions will be (polynomials in this case)
discontinuous only at points for which the denominator zero. But in this case

(X*+4x3+8x2+8x+4)=(x*+2x + 2)>=[(x+ 1)2+ 1]%> > 0 (always greater than zero)
Hence f(x) is continuous throughout the entire real line.

(b) The function f(x) suffers discontinuities only at points for which the denominator is equal to zero
i.e. 4cosx-2=0o0rcosx=1/2 = x=x,=+n/3+2nt(n=0, £1, £2...)
Thus the function f(x) is continuous everywhere, except at the point x .

2—(256 —7x)"®
f(x) = (5x +32)1/5 o 1 X# 0 is continuous everywhere then find the value of f(0).

Sol. Since f(x) is continuous

Ex.2 The function

f(0)=R.H.L. = M f(x) = lmfo+h)

x—0+

(256 —7h)"'® — (256)"®
_ jim___ (256 —7h) - 256
h-0 (5h+32)"% —(32)"°

(256 —7h)"8 —(256)"/8

_ 1/8 _ 1/8
(7h) (256 — 7h)""® — (256)
-l

h-0 (5h+32)"° —(32)"°

7. (256-7h)—256
" 5h (5h+32)" _(32)'
(5h)

(5h+32)-32 (5h+32)-32
1 2 1/8-1
7 g-( 56) 7@7 71 7 ) n_gn 1
= —. = . — —_— T g = = = —, . _ n—
5 %_(32)1/5_1 8 (2)* 82° 64 4 { i'_rg x—a na }

—-2sinx if X<-m/2
Ex.3 Letf(x) = |ASINX+B if —S<x<m/2

Find A and B so as to make the function continuous.
COS X if X>7/2

Sol. Atx=-m/2

L.H.L.= Lim (-2sinx) R.H.L. = Lim+ Asinx+B

T T
X———— X— ———
2 2
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T T
Replace x by - -hwhereh—>20 Replace x by - — + h where h —» 0.

2 2
. 4 . 14
I#_)”J—Zsm [_E_hj=2 =|E'_[E‘ Asin (_E+h)+B=B—A
SoB-A=2 (D)
At x =7/2
L.H.L. = Lir;] Asinx + B R.H.L. = LirTg oS X
X—>? x—>?
T o
Replace x byE -h Replace x by 5 + h
whereh = 0 whereh - 0
Lim ; E—h Lim cos E+h
=h_>0Asm 2 +B=A+B = 00 2 =0

So A+B=0 ..(i)
Solving (i) & (ii), B =1, A=-1

(x+ 1)2_[';+l]

, Xx=0

Ex.4 Test the continuity of f(x) at x = 0 if f(x) = 0 0
, X=

Sol. Forx<0,

1 1
e

o
LH.L = im fx) = lim fq_py = lim (0-h+1) ['O’“' “’""j = lm (1 -he=(1-0y=1

1.1

2 2

. . - —+
f(0) = 0. & R.H.L= lIM f(x) = L'Qg f(0+ h) = lim (h+1) (lhl hj = lim (h+1) h = 1-==1

x—0+

L.H.L. = R.H.L. #f(0) Hence f(x) is discontinuous at x = 0.

Ex.5 If f(x) be continuous function for all real values of x and satisfies;
x2+ {f(x) -2} x+2 .3 -3-,3 .f(x) =0, v xe R. Then find the value of f(,/3).

Sol. As f(x) is continuous for all x € R.

2
lim _ X ~2x+2y3-3
Thus, JMef(x) = f(4/3) where f(x) = 73 —x , X% /3
- . x2-2x+2yJ3-3 - (2-8-x)"3-X%) _
im_ ¢x) = lim - lim =2(1-+/3)
x—3 Xx—+/3 \/E —X x—>+3 (\/5 - X)
f(/3) =2(1-+3).
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(1+] sin x [/dsinx)— —g <x<0
Ex.6 Letf(x)= b , x=0 Determine a and b such that fis continuous at x = 0.
etan2x/tan3x x>0
Sol. Forx<0,
LH.L = JiMm f(x) = M 0 -h) = Im (1 + |sin (0 - h)|)=/tsn©-mD
_ Li_r]g (1 + sin h)a/en _ er!ig})(1+sinh—1).a/(sinh) —e
Forx =0, f(0)=b
Forx > O,R.H.L = M fxy = IM (0 4 hy = _ImE20 —  imEZVE2 e ) = @23
or X ARRL= T (X) = 10 ( )— gh-otan3h = gh-otan3h/3h'3 = € =€
f(x) is continuous atx =0 .. L.H.L. = R.H.L. = f(0)
= e=e’3=ph Hence a = 2/3 and b = e?3,
Ex.7 If f(x) = Acosx+l?:xsmx—5 (x # Q) is continuous at x = 0, then find the value of Aand B . Also find f
X
(0).
Sol. For continuity ~ Limit f(y) = £(0)
coie A Bxsinx— :
Now Limit cosxr 4XSI XS a5 x50 ; Numerator - A-5 and Denominator — 0.
X
Hence A-5=0 = A=5
Bxsi sinx 5  sin®x
Hence Limit XSlnX—5(1—COSX) _ Limit - X 1+cosx x2
x—0 X4 x—0 X2
. 5
as Xx— 0 ; Numerator - B - E and Denominator - 0 = B = 5
. _ _ ) ) X X . ZL
Hence | = 2 Limit XSinx 2(1—cosx) 5 Limit 2xsinzcos5—4sin"5
2 x—0 X4 2 x—0 X4
inX X _ X
5 Limit 2sin3 Limit X955 2cos; Let x = 20
2 Xx—0 X Xx—0 X3
_ 5 Limit 200086-2sin6 5 iy, o (0-tan®) 5,y 0-tan® 5 1) 5
16 60 0° 16 60 03 g &0 63 8\ 3 24
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a2[x]+{x} -1
— , x#0
Ex.8 Discuss the continuity of the function f(x) = | 2[X]+{x} (az1)
log, a , x=0

at x = 0, where [x] and {x} are the greatest integer function and fractional part of x respectively.
Sol. Value of function = f(0) = log_ a

| | 2[0-h+{0-n} _ 4 q2l0-hl+{=1+(1-h)} _ 4 al -1 1
= lim = lim -h) = lim = lim e -t 4 1
LH.L= S0 00 = 350 FO=h) = o ol0 A+ {0—h} ~ m020-hl+{1+(-h} - =1 ~ ' a

a2[0+h]+{0+h}—1 a0+h h

_ lim gy = lim — lim _ i —im& 1
and R.H.L. = "M f(x) = [T f(0 + h) b 20+ ]+ {0+ h] m oh m - log, a

L.H.L. # R.H.L. = f(0) Hence f(x) is discontinuous at x = 0.

1+acos2x +bcos4x .
% if x#0
X< sin“ x
Ex.9 Letf(x)= If f (x) is continuous at x = 0, then find the value of (b + c)3

c if x=0

-3a.

1+acos2x +bcos4x

Sol. Lim 7 as x>0, NN>1+a+b D" -0
x—0 X

acos2x +bcos4x—(a+b)

for existence of limita+b+1=0 .. c=Lim P (2)
x—0 X

a(1-cos2x) b(1-cos4x)
2 + 2
= - Lim X X
x—0 X

limit of N" = 2a+8b=0 = a=-4b

hence -4b+b=-1 = b=

. 4(1-cos2x)—(1-cos4x) 8sin®x-2sin’2x  8sin® x —8sin® xcos® x
hence c = Lim 5 = 7 = 2
x—0 3x 3x 3x

8 sin?x sin®’x 8
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a(1—xsinx)+bcosx+5 %<0

Ex.10 Let f(x) = 3 x=0 . If f is continuous at x = 0, then find the values of a,

3 X
(1+(—CX+SX n x>0
X

b,c&d.
Limit a(l-x sinx)+bcosx +5 . o
Sol. f(0)="timl 2 for existence of limit a+b +5=0
a(l-xsinx)—(a+5)cosx+5 .
_ Limit X2 _ Limit a(1-cosx)+5(1-cosx)—axsinx
x—0 x—0 X2
= 3+é =3 = =-1 = b=-4
-2 27°8F a= =
L x (c +dx?) .
f (0*) = LX'TLt {1 + T} for existence of limit ¢ =0
Limit . T
oo (L+dx)¥x = e =ei=3 = d=/In3
_ e®1-x(e+1) _
Ex.11 The function, f(x) = ————5—— is not defined at x = 0. What should be the value of f(x) so

X

that f(x) is continuousat x=0.

Limit e —1—X(62X +1)

Sol. /=510 3 Put x = 3t
X

_ Limit €*=1-3t(e®+1) _ Limit (€*=1)°+3e*(e®1)-3t(e® +1)

- t=0 273 -0 273

 Limit (e2t—1)3+3e2t[eZt—1—t(e2t+1)}#3t[e2t(e2t+1)—e6t—1]

) 2713

2t 3
_ Limit (¢ 1 Limi Limit 1
= L e T Tt e/ - LMt oz (& - D" -1)
2t 4t
L8 _ 8 8 imit (e 1) (e, o2
9 27 9 0 2t 4t 3 3
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Ex.12

max{f(t):x+1<t<x+2-3<x<0}

Letf(x) =x3-3x2+ 6V xe€ Randg(x)={1_x for x>0

Test continuity of g (x) for x e [-3, 1].

Sol. Sincef(x)=x3-3x24+6 = f(x)=3x2-6x =3x(x-2)

for maxima and minima f(x) = 0

x=0,2

f"(x) =6x-6

f7(0)=-6<0 (local maxima at x = 0)

f7(2)=6>0 (local minima at x = 2)
x3 = 3x? + 6 = 0 has maximum 2 positive and 1 negative real roots. Y
f(0) = 6.
Now graph of f(x) is :
Clearly f(x) is increasing in (- e, 0) U (2, ) and decreasing in (0, 2)
= X+2<0=3x<-2 = -3<x<-2
= -2<X+1l<-land-1<x+2<0
in both cases f(x) increases (maximum) of g(x) = f(x + 2)

gx)=f(x+2); -3<x<-2 ...(1)
andifx+1<0and0<x+2<2 X
= =-2<x<-1theng(x) = f(0)
Nowforx+ 1>0andx+2<2 = -1<x<0,g(x)=f(x+1)

f(x+2) ; -3<x<-2
f0) ; —-2<x<-1
Hence g(x) = fx+1) : —1<x<40 Hence g(x) is continuous in the interval [-3, 1].
1-x x>0

Ex.13 Let y = f(x) be defined parametricallyasy =t2+t|t|, x=2t-|t], te RThenat x =0, find f(x)
and discuss continuity.

Sol. As,y=t2+t|t|] and x=2t-|t] A ,
Thus whent >0 y=2x
> x=2t-t=t,y=2+t2=2t2 . x=tandy =2t
= y=2x>vy¢y x>0
againwhen, t<O0 X
= x=2t+t=3tandy=t2-2=0=y=0forall x<0. y=0l o

2x%, x20
Hence, f(x) = { 0, x<0 which is clearly continuous for all x as show graphically.
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1 1 1
. i i = f f | uptoee |,
Ex.14 Given the function, f(x) = x [x(1+x) (x)(112%) | (r2x)(13%) p }
Find f(0) if f(x) is continuousat x=0.
sol. f(x) 1 (1+2x)—(1+x)  (1+3x)—(1+2x) N N (1+nx)—(1+mx)
ol. X) = t =+ —
1+x  (1+x)(1+2x)  (1+2x)(1+3x) (1+n—1x)(1+nx)
) 1 % if x0andn —
f(x) = Tix  1rox upto n terms when x # 0. Hence f(x) = 5 if x=0 for continuity.
Ex.15 Letf : R — R be a function which satisfies f(x + y3) = f(x) + (f(y))® v X, y € R. If fis continuous at x
= 0, prove that f is continuous every where.
Sol.  To prove IM f(x + h) = f(x).
Put x = y = 0 in the given relation f(0) = f(0) + (f(0))*=f(0) =0
Since f is continuous at x = 0, A'Eg f(h) = f(0) = 0.
Now, M f(x + h) = M £(x) + (f(h))* = f(x) + IM (f(h))* = f(x) + 0 = f(x).
Hence f is continuous for all x € R.
B. CLASSIFICATION OF DISCONTINUITY
Definition :— Let a function f be defined in the neighbourhood of a point ¢, except perhaps at c itself.
Also let both one-sided limits IM f(x) and M f(x) exist, where M f(x)= M f(x).
X—C X—C X—C X—C
Then the point c is called a discontinuity of the first kind in the function f(x).
In more complicated case L'an f(x) may not exist because Iy
5
one or both one-sided limits do not exist. Such condition
is called a discontinuity of the second kind.
1
x2+1 for x<0, «
= 0
The function vy = 5 for x=0,
-x for x>0,
. o . . Y
has a discontinuity of the first kind at x = 0
The function y = |x| /x is defined for all x e R, x # 0; 1
but at x = 0 it has a discontinuity of the first kind. 0 X
The left-hand limit is X'L“g y = -1, while the -1
right-hand limit is XIL"EL y=1
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)/ | 1
| 1
1 | 1
. _ . . i | 1
The functiony = (x-2)(x-3) has no limits (neither one-sided nor | |
| 1
—] | |
lim 1 0 2 13 X
-gj = = i T N,  ~. = oo | |
two-sided) atx = 2 and x = 3 since "} (x—2)(x-3) . Therefore ! !
| 1
x = 2 and x = 3 are discontinuities of the second kind :/\:
b
| 1 )
The function y = In |x]| at the point x = 0 has the limits lxlgg In |x] = —. Consequently, )'('LTA f(x) (and

also the one-sided limits) do not exist; x = 0 is a discontinuity of the second kind.
It is not true that discontinuities of the second kind only y

arise when )'('_rzl f(x) = . The situation is more complicated. - ------- S £
Thus, the function y = sin (1/x), has no one-sided limits /‘ ]‘ ﬂ A /\*x
for x - 0" and x —» 0%, and does not tend to infinity as x — 0 \/ V U OJ/ V

There is no limit as x — 0 since the values of the function --—=——=---- e
sin (1/x) do not approach a certain number, but repeat an
infinite number of times within the interval from -1to 1 as x — 0.

Removable & Irremovable Discontinuity

(a) In case Lir_rjcit f(x) exists but is not equal to f(c) then the function is said to have a removable

discontinuity. In this case we can redefine the function such that LiTcit f(x) = f(c) & make it

continuous at x = c.

Removable Type Of Discontinuity Can Be Further Classified As :

(i) Missing Point Discontinuity : where Limit f(x) exists finitely but f(a) is not defined. e.g. f(x)

X—a

(1-x)(9-x?) o o -
= W has a missing point discontinuity at x = 1.

Limit
X—a

f(x) exists & f(a) also exists but ; Limit # f(a) .

(ii) Isolated Point Discontinuity : where “a

x* —16
x—4

e.g. f(x) = , X4 & f(4) =9 has abreak at x = 4.

(b) In case L)!r_T)lclt f(x) does not exist then it is not possible to make the function continuous by

redefining it . Such discontinuities are known as non - removable discontinuity.
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Irremovable Type Of Discontinuity Can Be Further Classified As :
(i) Finite discontinuity : e.g. f(x) = x - [x] at all integral x.

1 1
or g(x) = — at x=4.
7 9(x) (x—4)?

(ii) Infinite discontinuity: e.g. f(x) =

(iii) Oscillatory discontinuity : e.g. f(x) = sinl at x=0.
X

In all these cases the value of f(a) of the function at x= a (point of discontinuity) may or may not exist
Limit ;
but =7\, does not exist.

Remark:

(i) Incase of finite discontinuity the non-negative difference between the value of the RHLat x = c &
LHL at x = c is called THe Jump OF DisconTINUITY . A function having a finite number of jumpsin a
giveninterval I is called a P1ece-wise CoNTINUOUS OR SEcTIONALLY CoNTINUOUS function in this interval.

(ii) All Polynomials, Trigonometrical functions, Exponential & Logarithmic functions are continuous in
their domains.

(i) Point functions are to be treated as discontinuous . eg. f(x) = J1—x++Xx —1 is not continuous at
x=1.

(iv)If fis continuous at x = ¢ & g is continuous at x = f(c) then the composite g[f(x)] is

Xs
continuous at x = c. eg . f(x) = 3 & g(x) = |x| are continuous at x = 0, hence the

+2

xsinx| _
will also be continuous at x = 0.

composite gof (x) = N

THEOREMS OF CONTINUITY

THEOREM-1 If f & g are two functions that are continuous at x= c then the functions defined by
F.(x) = f(x) £g(x) ; F,(x)=Kf(x),Kanyreal number ; F,(x)= f(x).g(x) are also continuous

f(x
at x= c. Further, if g (c) is not zero, then F,(x) = L) is also continuous at x= c.

a(x)
THEOREM-2 If f(x) is continuous & g(x) is discontinuous at x = a then the product function

in T
sin xz0

o(x) = f(x) . g(x) is not necessarily discontinuous at x=a. e.g. f(x) = x & g(x) = { 0 0
X =

THEOREM-3 If f(x) and g(x) both are discontinuous at x = a then the product function

1 x=20

o(x) = f(x) .g(x) is not necessarily discontinuous at x =a. e.g. f(x) = -g(x) = { ’ 0
-1 x<
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THEOREMS-4 : INTERMEDIATE VALUE THEOREM

If f is continuous on the closed interval [a, b] and k is any number between f(a) and f(b), then there is
at least one number cin [a, b] such that f(c) = k.

Note that the Intermediate Value Theorem tells that at least one c exists, but it does not give a
method for finding c. Such theorems are called existence theorems.

As a simple example of this theorem, consider a person’s height. Suppose that a girl is 5 feet tall on her
thirteenth birthday and 5 feet 7 inches tall on her fourteenth birthday. Then, for any height h between
5 feet and 7 inches, there must have been a time t when her height was exactly h. This seems
reasonable because human growth is continuous and a person’s height does not abruptly change from
one value to another.

The Intermediate Value Theorem guarantees the existence of at least one number c in the closed
interval [a, b]. There may, of course, be more than one humber c such that f(c) = k, as shown in Figure
1. A function that is not continuous does not necessarily possess the intermediate value property. For
example, the graph of the function shown in Figure 2 jumps over the horizontal line given by y = k and
for this function there is no value of c in [a, b] such that f(c) = k.

The Intermediate Value Theorem often can be used to locate the zeroes of a function that is continuous
on a closed interval. Specifically, if f is continuous on [a, b] and f(a) and f(b) differ in sign, then the
intermediate Value Theorem guarantees the existence of at least one zero of f in the closed interval
[a, b].

f(x)=x>+2x-1

M/
Y
f(a) f(a) 2 2
f(b) f(b) ——————— .—\ty/ _:1 [/ }1 X
x i 1> 7 ©,-1)
a b
(Fig. 1) (Fig. 2) (Fig. 3)
f is continuous on [a, b]. (For k, f is not continuous on [a, b]. f is continuous on [0, 1] with
there EXiSt 3 C/S.) (For k, there are no C’S.) f(O) < O and f(l) > O.

Ex.16 Use the Intermediate Value Theorem to show that the polynomial function f(x) = x> + 2x - 1 has a zero

Sol.

in the interval [0, 1]
Note that f is continuous on the closed interval [0, 1]. Because
f(0)=0+2(0)-1=-1 and f(1)=1>+2(1)-1=2
it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value Theorem to
conclude that there must be some cin [0, 1] such that f(c) = 0, as shown in Figure 3.
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Ex.17

1
State intermediate value theorem and use it to prove that the equation \/x -5 = x_+3 has at least

one real root.

1
Sol. Let f(x)= .x-5 - x_+3 first, f (x) is continuous on [5, 6]

Alsof (5)=0 L L 0, f(6 1 L 8 0

SO = - — =- - < ’ = -_— = = >
(%) 5+3 8 ©) 9 9 8/ ]
Hence by intermediate value theorem 3 at least one value of c € (5, 6) R 50/ 6
for which f(c) =0
0 i t of th ti ! d (5, 6)
-5 -—— = . cis root of the equation -5 = ——and ce (5,
€=3 c+3 g X=5 x+3

Ex.18 Let f: R — Rsatisfy f(x) - f(y) =e*-¥ -1 v X, y € R. Prove that fis a continuous function. Also prove

that the function f(x) has atleast one zero if f(0) < 1.
Sol. A'Eg f(x + h) - f(x) = A'Eg (ex+h-x—1) = 0. Hence f is continuous everywhere.

Now f(x) = f(0) + ex- 1. = M f(x) = M f(x)=f0)-1<0

Since f(x) is positive for large positive x and negative of large negative x, by Intermediate Value

Theorem f(x) = 0 has atleast one root.
Ex.19 If f(x) be a continuous function in [0, 2n] and f(0) = f(2n) then prove that there exists point

c € (0, =) such that f(c) = f(c + =n).
Sol. Let g(x) = f(x) - f(x + x) (D)

atx =m; g(n) = f(n) - f(2n) (i)

atx =0, g(0) = f(0) - f(n) ... (iii)

adding (ii) and (iii), g(0) + g(=n) = f(0) - f(2xn)

= g(0) + g(n) = 0 [Given f(0) = f(2r) = ¢g(0) = -g(n)

= ¢g(0) and g(n) are opposite in sign.

= There exists a point ¢ between 0 and & such g(c) = 0 as shown in graph;

From (i) putting x = ¢ g(c) =f(c) -f(c+n) =0 Hence, f(c) = f(c + =)
D. DIFFERENTIABILITY

Definition of Tangent : If fis defined on an open interval containing ¢, and if the limit

fim &Y _ jim €A =fe) _
Ax—0 AX  Ax—0 AX
exists, then the line passing through (c, f(c)) with slope m is the tangent line to the graph of f at the
point (c, f(c)).
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The slope of the tangent line to the graph of f at the point (c, f(c)) is also called the slope of the graph

of fat x = c.

The above definition of a tangent line to a curve does not cover the possibility of a vertical tangent
line. For vertical tangent lines, you can use the following definition. If f is continuous at c and

f(c + Ax) —f(c)
AX

lim

Ax—0

= oo

then the vertical line, x = ¢, passing through (c, f(c)) is a vertical tangent line to the graph of f. For
example, the function shown in Figure has a vertical tangent line at (¢, f(c)). If the domain of f is the
closed interval [a, b], then you can extend the definition of a vertical tangent line to include the
endpoints by considering continuity and limits from the right (for x = a) and from the left (for x = b).

lim f(a+Ax)—f(a) _ v Vertical

Ax—0" AX . tangent
line.

lim f(b+Ax)—f(b)‘ .
Mo0” Ax (¢, f(c))
In the preceding section we considered the x
derivative of a function f at a fixed nhumber a : Figure

The graph of f has a vertical
f(a+h)—f(a) tanent line at (c, f(c)).

Fla) = im=———— ..(1)
Note that alternatively, we can define

. . f _f
f¢(a) = Limit L:a) , provided the limit exists.

X—a X —
Here we change our point of view and let the number a vary. If we replace a in Equation 1 by a variable

) . f(x+h)=f(x)
X, we obtain f'(x) = le)f ..(2)

Given any number x for which this limit exists, we assign to x the number f(x). So we can regard f" as
a new function, called the derivative of f and defined by Equation 2. We know that the value of f'(x),
can be interpreted geometrically as the slope of the tangent line to the graph of f at the point (x, f(x)).
The function f is called the derivative of f because it has been “derived” from f by the limiting
operation in Equation 2. The domain of f is the set {x|f(x) exists} and may be smaller than the
domain of f.
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Ex.20

Average And Instantaneous Rate Of Change

Suppose y is a function of x, say y = f(x). Corresponding to a change from x to x + Ax, the variable y
changes from f(x) to f(x + Ax). The change in y is Ay = f(x + Ax) - f(x), and the average rate of
change of y with respect to x is

changeiny Ay _f(x+Ax)—f(x)

Average rate of change = changeinx Ax AX

As the interval over which we are averaging becomes shorter (that is, as Ax — 0), the average rate of
change approaches what we would intuitively call the instantaneous rate of change of y with

d
respect to x, and the difference quotient approaches the derivative d_z . Thus, we have

Ay L f(x+ Ax) —f(x)
Instantaneous Rate of Change = lim — = lim ——nx——"—

AXx—=0 AX  Ax—0 AX =f (X)

To summarize :
Instantaneous Rate of Change

Suppopse f(x) is differentiable at x = x,. Then the instantaneous rate of cange of y = f(x) with
respect to x at x, is the value of the derivative of f at x,. That is

dy
Instantaneous Rate of Change = f'(Xy) = gy
X=Xq

Find the rate at which the function y = x2 sin x is changing with respect to x when x = =.
For any x, the instantaneous rate of change in the derivative,

Sol. — = 2xsinx + x2cos X
dx
dy
Thus, the rate when x = ntis ™ = 2rnsinm + n2 cos n = 2n(0) + n2 (-1) = - =2
X=TC
The negative sign indicates that when x = &, the function is decreasing at the rate of 2 = 9.9 units of
y for each one-unit increase in x.
Let us consider an example comparing the average rate of change and the instantaneous rate of
change.
Ex.21 Letf(x) = x2-4x + 7.
(a) Find the instantaneous rate of change of fatx = 3.
(b) Find the average rate of change of f with respect to
X between x = 3 and 5.
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Sol.

(a) The derivative of the function is f(x) = 2x - 4

y
Thus, the instantaneous rate of changeoff \ ["77 777
Secant line
atx =3isf(3)=2(3)-4=2 o7 : Change of 8
The tangent line at x = 3 has slope 2, as shown in the figure. Fon;tif;gmy=4
I
(b) The (average) rate of change from x = 3 to x = 5 is found by | _f(xa) = f(x1)
1 Xy, —X
dividing the change in f by the change in x. The change in f(x,) | :§:42 !
2
ffromx=3tox=5is i
f(5) - f(3) = [52-4(5) + 7] -[32-4(3)+ 7] =8 Tangent line
j 5 10 %
Xy X,
_1(5)-1f(3) _8 / ——
Thus, the average rate of change is —————=—- =4 Change of 2 units
5.3 2 (from x, = 3 to x, = 5)

Figure

The slope of the secant line is 4, as shown in the figure.

RELATION BETWEEN CONTINUITY & DIFFERENTIABILITY

If a function f is derivable at x then f is continuous at x.

Limit fx+h)-f(x)

h0 h exists.

For : f’(x) =

f(x + h)—f(x)

Also f(x + h)—f(x)= h

h[h = 0]

Therefore LMt [5(x + h)—f( = Limit 1O ?_f(x)-hzf'(X)-Oi)

Therefore LIMIt (¢ (x 1+ h)—f(x)] = 0= LIMIt £ (x1h) = f(x) =  is continuous at x.

If f(x) is derivable for every point of its domain, then it is continuous in that domain .

The converse of the above resultis not true :

“If f is continuous at x, then f may or maynot be derivable at x”

The functions f(x) = |x| & g(x) = x sin 1 i x#0 & g(0) =0 are continuous at x = 0 but not
X

derivable at x = 0.
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Remark:
(@) Letf’ (a) =p & f’(a) =q where p &q are finite then :
(i) p=qg = f isderivableatx =a = fis continuous at x = a.

(i) p#qgq = f isnot derivable at x = a but fis continuous at x = a
Differentiable = Continuous ; Non-differentiable =% Discontinuous

But Discontinuous = Non-differentiable .

(b) If a function f is not differentiable but is continuous at x = a it geometrically implies a sharp

corner at x = a.

Ex.22 Given f(x) = x?. sgn(x) examine the continuity and derivability at the origin.
x? if x>0 5
: : Limit h~—0
Sol. f(x) = O ifx=0 f7(0%) = K50 - =0
—xZif x<O
Limit h? -0 . . -
f7(07) = 555 - -, = 0= fisderivableat x =0 = continuous at x = 0
—-1-x ;o Xx<-1
|x2-1] ; —1<x<0
Ex.23 If f(x) = |k(-x+1) ; 0<x<1 , then find the value of k so that f(x) becomes continuous at x = 0.
| x—1| ;o x>1
Hence, find all the points where the functions is non-differentiable.
Sol. From the graph of f(x) it is clear that for the function y=—1—x y=—x—1
to be continuous only possible value of k is 1. <
Points of non-differentiability are x = 0, £1.
a‘1/x_a—1/x
Ex.24 Examine the function, f(x) = x. 5 ¢+ X* 0 (a>0) and f(0) = 0 for continuity and
a’“+a”
existence of the derivative at the origin.
Sol. If ae (0,1) f’(0*)=-1,; f’(0)=1 = continuous but not derivable
a=1; f(x)=0 whichisconstant = continuous and derivable
If a>1 f"(0-)=-1 ; f’(0*)=1 = continuous but not derivable
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Ex.25 If f(x) = |[x + 1| {|x]| + |x = 1]}, then draw the graph of f(x) in the interval [-2, 2] and discuss the
continuity and differentiablity in [-2, 2]

)/ (2,9)
Sol. Here, f(x)=|x+ 1] {|x| +[x-1]}
(x+(2x-1); -2<x<-1
—(x+1)(2x-1); -1<x<0
f(x) = (x+1); 0<x<«1
(x+1)(@2x-1); 1<x<2 > X

Thus the graph of f(x) is;
which is clearly, continuous for x e R and, differentiablity forx e R - {-1, 0, 1}

[1-4x%| , 0<x<1

Ex.26 Iff(x)={|x2—2x| 1<x <D

where [.] denotes the greatest integer function.

Discuss the continuity and differentiability of f(x) in [0, 2).
Sol. Sincel<x<2=0<x-1<l1lthen[x*-2x]=[(x-1)?-1]1=[(x-1)’]-1=0-1=-1

Y

4
1-4x2 | 0<x<— T
2
’
fx) = 141, 5 Sx<1 . Graphof f(x) : ]
-1, 1<x<2 )
-1 *—0

1
It is clear from the graph that f(x) is discontinuous at x = 1 and not differentiable at x = > and x = 1.

1-4x%, 0<x<1/2 -8x, 0<x<1/2
Further details are as follows : f(x) = {4x* -1, 1/2<x<1 = f(x)=1 8x, 1/2<x<1
-1, 1<x<2 0, 1<x<2

-4 x<1/2 8 x<1
= =74 x>y a4 FI=70 x51

Hence, which shows f(x) is not differentiable at x = 1/2 (asRHD =4 and LHD = -4)
and x = 1 (as RHD = 0 and LHD = 8). Therefore, f(x) is differentiable, v x e [0, 2) - {1/2, 1}

2xsintx  x<1
Ex.27 Letf(x) =[ 1 be a differential function . Examine whether it is twice differentiable in R.

x> +ax’>+b

(17)= 2w+ 3 2w+ 3
Sol. differentiability of f gives: a+ b+ 1=0and f ,(1 ) 3+2a ]=>a = - and b =
/(17 )=—2mn 2 2
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4xsinmx+2nx? cosnx ,X<1 (4—2n%x?)sinmx+8nxcosnx ,x<1

Thus 7 (x) = [ 3x2—(3+2m)x , X>1 &F700 =1 6x—3—21 , X>1

f”(1-)=-8n & f7"(1*) = 3-2=x = f”(x) isdiscontinuousat x =1
Hence f(x) is twice differentiable for x exceptat x =1 ]

X if x<1

Ex.28 Suppose f (x) = { . If £ (1) exist then find the value of a2 + b2 + c2.
ax? +bx+c if x=>1

Sol. For continuity atx =1weleavef (1) =1andf(1*)=a+b+c

a+b+c=1 ...(1)
3x? if x<1

f'(x) = { for continuity of f'(x)atx=1 f' (1) = 3; f'(1t)=2a+b
2ax+bif x =1

hence 2a+b=3....(2)

6x if x<1
£ (x) = { f'(1-)=6; f"(1*)=2a forcontinuityoff"(x) 2a=6 = a=3
2a if x=1

from (2),b=-3;c=1. Hence a=3, b=-3;c=1 Za2=19

Ex.29 Check the differentiability of the function f(x) = max {sin* |sin x|, cos™ |sin x| }.

i
X , m<x<nm+—
Sol. sin™!|sin x| is periodic with periodt =  sin™! |sinx| = - 2
T—X , NMM+—<XSNn+mn
2
. T .
Also cos™t |sin x| = E —-sin™! |sin x|
i i
—=X, NT<X<NT+—
2 4
o4 o4 o s
X,——X , Mm<XxXs<nmw+— X, NT+—<NT+—
2 2 4
= f(x) = max = f(x)=
o T o 3n
T—XX—— , NU+—<XZNn+m7 T—X, NUT+—<X<Nn+—
2 2 2 4
T ©m 3n T 3n
= f(x) is not differentiableat x =0, —, =,——, M......... X_Ei m‘“‘? <XSNU+T
4 2 4
. . . nw
= f(x) is not differentiable at x = 4
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2x
Ex.30 Let f(x) = cos‘1£1+xzj. Define f'(x) for every x € R stating clearly the point where f(x) is not

differentiable.

2y 42 2
Sol. f(x) = cos! 2x , XER=F(x) = - 1 20+ x )2 24X ;F(x) =- %
1+ x2 \/1 [ oy T (1+x°) [1=x"[(1+x%)

14 x2

Since X'[T f'(x) and X“_T f'(x) have finite values which are unequal, f'(1) does not exist.

__2 > if —1<x<1
1+ X
, , non existent if x =+1
Similarly f'(-1) does not exist. hence f(x) = >
> ifx>1or x<-1
1+ x

Ex.31 Find the interval of values of k for which the function f(x) = |x?> + (k = 1) |x]| - k]| is non differentiable
at five points. y
Sol. f(x) = [x*+ (k-1) [x] =kl = [(Ix] = 1) (Ix] + k)|
Also f(x) is an even function and f(x) is not differentiable at five points.
So |(x = 1) (x + k)| is non differentiable for two positive values of x.
= Both the roots of (x - 1) (x + k) = 0 are positive.
= k<0= k e (-, 0).

1
{x}

A+ {x)) -

—{X} , X #Integer
e

2

e!

Ex.32 Let f(x) = . Discuss the continuity and differentiability of f(x) at any

x =Integer

integeral point. (where { x } denotes the fractional part)

1
1 \ix
(1+{x}) m
—== , x=l
Sol. f(x) = e
2
—, x =l
e
. . 2
Let x = I, be any arbitrary integers f(I,) = E
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1

(4, =" | ((1 +1) ]1 2

flo) = 5 (1, =) = fimy == e ) e

/h
ArhymY"™ T G ) )y
f(I, + h) = lim (I, +h)= e ) ehﬁo ¢ —ehHOh © —ehﬁoh e _eh“rjo eh
0 T h-0 V0 = hoo e = = = =
1, h® b’ 1 h R
1In(1+h) E[h*?Jr?*---.J 7h[57§+7— ..... J
NOW (1 + h)l/h = eh =e =e.e

e
= fIg) = e° h =e
Since f(I, + 0) = f(I, - 0) = f(x) is discontinuous at any integeral point and hence non-differentiable.

Definition : A function fis differentiable at a if f'(a) exists. It is differentiable on an open interval
(a,b) [or (a, =) or (==, a) or (- =, «)] if it is differentiable at every humber in the interval.

Derivability Over An Interval : f(x) is said to be derivable over an interval if it is derivable at
each & every point of the interval. f(x) is said to be derivable over the closed interval [a, b] if :
(i) for the pointsa and b, f’(a+) & f’(b-) exist &

(ii) for any point c suchthat a <c < b, f(c+) & f(c-) exist & are equal .

How Can a Function Fail to Be Differentiable ?

We see that the function y = |x]| is not differentiable at 0 and Figure

shows that its graph changes direction abruptly when x = 0. In general, Y
if the graph of a function f has a “corner” or “kink” in it, then the graph of

f has no tangent at this point and f is not differentiable there. [In trying

to compute f’(a), we find that the left and right limits are different.]

>X
There is another way for a function not to have a derivative. If fis 0
discontinuous at a, then f is not differentiable at a. So at any discontinuity y =£(x) = | x|
(for instance, a jump discontinuity), f fails to be differentiable. Figure
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A third possibility is that the curve has a vertical tangent line when at x = a, )I(l_rg [f(X)] = e

This means that the tangent lines become steeper and steeper as X — a. Figure (a, b, ¢) illustrates the
three posibilities that we have discussed.

Y, In A/
— /
} S X 1 1 >
0 : 0 7 I
(a) A corner (b) A discontinuity (c) A Vertical tangent

Limit f@+h)-f(a)

Right hand & Left hand Derivatives By definition : f’(a) = 5 ¢ h

(i) The right hand derivative of f” at x = a denoted by f’, (a) is defined by :

imit f(a+h)-f(a
f’.(a)= I;'_T)lt % , provided the limit exists & is finite.

(ii) The left hand derivative of f at x = a denoted by f’_(a) is defined by :

Limit f(@a—h)-f(a)

fr_(@)= T 0 _h

, Provided the limit exists & is finite.

We also write f’, (a) = f’(a*) & f’_(a) =f’(a).
f’'(a) exists if and only if these one-sided derivatives exist and are equal.

1/x
xe
Ex.33 If a function f is defined by f(x) = | 14+¢!x’ x#0 show that f is continuous but not derivable at x = 0
0 ,x=0

1/x 1/x

Sol. Wehave f(0 +0)= lim = lim

X
= lim =
x—0+0 { 4+ g!/* x—0+0 { 4+ g!/* 0

x—0+0 e”x +1

1/x

f(0-0) = Xlr(;rl01+e1/x =0

Alsof(0) =0 .. f(0+0)=f(0-0)=f(0) = fiscontinuousatx =20
Xe1/x 0
_f(x)-f(0) . qye'r e : 1
i 7 — D - = — Im - . =
Again f(o +0) xI—I>rg10 Xx—0 xL”;)r-]*—O X xﬂmo 1+ e1/x XL0+0 e_”X +1 1
1/x
xe
, ()~ f  Jre 0 e
F0-0)= XI—I>r0r10 x—-0 B xl_lmof B xL'glOHe”X B

Since (0 + 0) = f'(0 — 0), the derivative of f(x) at x = 0 does not exist.
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Ty W yis
Ex.34 A function f(x) is such that f[X+Ej ZE - |x| Vv x. Find f [Ej, if it exists.

) f(n—h)—f(n) LY -
, [T . 2 2 2 2 , | = "o
= andf ? =lim . = =1 = f > doesn't exist.

) ) _ [f@a+1n))"
Ex.35 Let f be differentiable at x = a and let f (a) # 0. Evaluate |n—|_)r[j° W
_[fa+1n))"
= Lim{———~ oo
Sol. |/ im { f(a) (1~ form)
[Limn {f(a+1/n)—f(a)}J [Lim f(ath)-f(a) 1 j f(a)
/= e n—soo f(a) N h—0 h f(a) — ef(a) (put n= 1/h)
a1 i 1
] |f|x|22

Ex.36 A function fis defined as, f(x) = . If f(x) is derivable at x =1/2 find the values

a+bx? if |x|<%

of 'a'and 'b'".
— if xX>—orx<—— X 2
[ x| 2 2
1 . 1
= = | —— if X<——
Sol. f(x)= = " >
a+bx? if ——<x<—
L a+bx? if Tk
2 2
1 1 1 L2
f{f} f(2+h) _f(Zj (+h] L|m1_2[+hj Lim —2h 4
5 |= L = Lim = = -
2 IET(? o i h—0 h[1 hj h—0 h[1+ hj
2
1 f(;—h)—f(;] a+b(;—h] -2 (a+3—2) —bh+h?
P15 | = Lim =Lim =Lim
h—0 —h h—0 —h h—0 —h
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J 1 17
"'f[EJ=b= f[5]=—4 ~a-1=2—=a=3 Hencea=3andb=-4

Ex.37 Let f: R — R satisfying |f(x)| < x?, v x € R then show f(x) is differentiable at x = 0.

Sol. Since, [f(x)] £x?*, v xe R . at x=0,|f(0)]<0= f(0)=0 (D)
f(0) = IimM Iimm (i) {f(0) = O from (i)}
~ hs0 h h—0 h -
¢ h (h) . (h) .
Now, [ <|h|= -|h]| sf? <|lh|= LILT(l)fT — 0 ...(iii)  {using Cauchy-Squeeze theo-
rem}
from (ii) and (iii) , we get f(0)=0. i.e. f(x) is differentiable at x = 0.

F. OPERATION ON DIFFERENTIABLE FUNCTIONS

1. If f(x) & g(x) are derivable at x = a then the functions f(x)+ g(x), f(x) —g(x), f(x). g(x) will also
be derivable at x = a & if g(a) # 0 then the function f(x)/g(x) will also be derivable at x = a.
If f and g are differentiable functions, then prove that their product fg is differentiable.
Let a be a number in the domain of fg. By the definition of the product of two functions we have

(fg) (a) = f(a) g(a) (fg) (a +t) =f(a +t) g(a + t).

flg)a+t) -(fg)@) _ .  fla+tigla+t)-f(ajg(a)
t

t—0 t

Hence (fg) (a) = |tILT(1)

The following algebraic manipulation will enable us to put the above fraction into a form in which
we can see what the limit is:

fla+t)gla+t)-f(a)g(a)=fla+t)gla+t)-f(a)g(a+t)+fla)g(a+t)-~f(a)gla)
= [f(a + t) -f(a)] g(a + t) + [g(a + t) - g(a)] f(a).

Thus (fg)’ (a) = lim

t—0

[Hasdottal gy, das)oga) ]

The limit of a sum of products is the sum of the products of the limits. Moreover, f(a) and g’(a)
exist by hypothesis. Finally, since g is differentiable at a, it is continuous there ; and so

lim g(a + t) = f(a). We conclude that

t—0

f(a+t)—f(a)} g(a+t)—g(a)}f(a)
t t

limg(a+t) + [Itgg

(fg)(a) = [ltigg

= f'(a)g(a) + g’(a)f(a) = (fg + g’f) (a).
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G.

2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a, then the product function

F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x and g(x) = |x]|.

3. If f(x) & g(x) both are not differentiable at x = a then the product function ;
F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = |x| & g(x) = |x].

4. If f(x) & g(x) both are non-deri. at x = a then the sum function F(x) = f(x) + g(x) may be a

differentiable function . e.g. f(x) = Ix| & g(x) = ~Ix].

5. If f(x)is derivable at x = a = f’(x) is continuous at x = a.

x2sind if x£0

9. f(x) = x
&9 109 { 0 ifx=0
FUNCTIONAL EQUATIONS

Ex.38 Let f(xy) = xf(y) + yf(x) for all x, y e R* and f(x) be differentiable in (0, ) then determine f(x).

Sol.

Given f(xy)= xf(y) + yf(x)
Replacing x by 1 and y by x then we get x f(1) = 0 f(1)=0,x0 (- X, Y, € RY)

({20

Now,  f(x) = |im

f(x +h)—f(x)
=

. _f(x) f
_ i X _ | e fx)
= lim . =0 (hj T =Fe0+

f(x) xt(x) = f(x) _ (1) d {M}:ﬂ

= f(x) - T =f(1l) = 2 = " = d_X X X

f(x) f(1
On integrating w.r.t.x and taking limit 1 to x then %—¥ =f(1)(Inx-1In1)

f(x
= % -0=f(1)Inx --f(1) =0) f(x) =f(1) (xInx)
Alternative Method :
Given f(xy) = xf(y) + yf(x)
Differentiating both sides w.r.t.x treating y as constant, f'(xy) . y = f(y) + yf(x)
Puttingy = x and x = 1, then
, , xt(x)—f(x) _ (1) d (
f(xy). x = f(x) + xf'(x) = 2 " = dx
Integrating both sides w.r.t.x taking limit 1 to x,

f(x) (1) f(x)
0~ =F{nx-In1} = == -0=f(1)Inx (- f(1)=0)

M]:ﬂ

X X

X 1
Hence, f(x) =- f(1)(x In x).
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Ex.39 If ef(xy) = e*f(x) + ef(y) v X, Yy € R*, and f(1) = e, determine f(x).
Sol. Given e™ f(xy) = e*f(x) + ef(y) ..(1)

Puttingx =y =1in(1), weget f(1)=0 ..(2)

. f h)—f .
NOW, f’(X) — me = lim

e e 100+ i 147 | 2X(e 10 + (1) i) 4 &g 14
. x e'f(x)+e X[ 1+—|—f(x)-e*f(1)
= lim = lim X
h—0 h h—0 h
h
. e Xf(1+]
im| &1 lim——— %/
= o) M == | + ex-0 h (- f(1) = 0)
X J—
X
(1 x—1.
=f(x).1+e -1, ) =f(x)+e € (- (1) =¢e)
f/ _f + ﬁ —xf/ —xf —_ l 1 —xf —_ l
() =f0)+— = e fx)-exfx) = = g (e fx)) =
On integrating we havee>f(x) =Inx +catx=1,c=0 f(x) = exInx
Ex.40 Find a function continuous and derivable for all x and satisfying the functional relation,
f(x+y).f(x-y)="f(x), where x &y are independent variables & f(0) =0 .
Sol. Put y=x and x=0 toget f(x).f(-x)=f~©) .. (1)
f(x+h)—2(0) >
Now £ (x) = Limit TOEFTIO) iy 2T 50 1 jmie fOeh)f(x)—f7(0)
h—0 h h—0 h f(—X) * h-0 h
h (h h (h 2 o[ (2
fl—+H = fl — — —f — -
L [2 {2”]} (2 [2”]} o _ Limit f (2) )
£(-x) . () n
) ollE)- o)
_ 1 Limit _ _f(x) sy - 1(0)
f(x) _ f(0) _
= fx) - 10) - k = Result
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Ex.41 Let f be a function such that f(x + f(y)) = f(f(x)) + f(y) v X, ye Randf(h) =hforO<h<eg
where ¢ > 0, then determine f”(x) and f(x).
Sol. Givenf(x + f(y))=f(fOx)+f(ty)) . (1)
Put x =y = 0in (1), then f(0 + f(0)) = f(f(0)) + f(0) =f(f(0)) = f(f(0)) + f(0)
f(0)=0 (2)
. f(x+h)—-f(x)
Now f'(x) = lim———— (for 0 < h <¢)
h—0 h
_ im0 L)) _ _limD o
= lIm="==" {from (1)} = M= (- f(hy =h) = lim-—=1.
Integrating both sides with limites 0 to x then f(x) = x f(x)=1.
Ex.42 Let f : R* — R satisfies the functional equation f(xy) = ev-x-v {e¥ f(x) + e<f(y)} v X, y € R*.
If (1) = e, determine f(x).
Sol. Given that; f(xy) = ev-x-v{ev f(x) + e f(y)} v X, y € R* (i)
Puttingx =y =1, wegetf(1) = e {e!f(1) + e f(1)} = f(1)=0 .. (i)
fox 1+D —f(x)
N i) = Iimf(x+h)—f(x) _ lim X
ow, (x) = h—0 h " ho0 h
M TLL I L 4 h h=1-—+x
e [ X] [ X]{e Xf(x)+exf[1+xj - f(x) e"f(x)+e 1 f[1+h]—f(x)
= |lim = lim X
h—0 h h—0 h
h- —D+x
ALY ; e {f[1+hj—f(1)}
f(x)(e")+e X f(1+)—f(1) lim f(x)(e" —1) +lim X
= lim X = h-0 h h—0 h { f(l) = 0}
h—0 h —.X
X
_ fl1+— [—f(1)
x—1 ¢/ h X
~ e i) | . [ x) o e -1 | _ e ¢ /(1) =
= f(x) + . rlqu_f(‘l)andm - =1 =f(x) + o (1) {-.-f(1)=e}
X
eX X
- F(x) =f(x) + = = — =f(x)-f(x)
= 1 _ £ Fx)—f(x)e” Jag by quotient rule we can write f(x)—fz(x)e =i{f(x)}
X e2>< (GX) dx | e*
1 _E{M}
x dx | e*
f(x)
Integrating both sides w.r.t. 'x’, we get, log [x| + c = o orf(x) =e{log | x| + c}
Since f(1)=0=>c=0 Thus f(x) = exlog | x |.
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[ Exercise —1 ] SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

1. A function f(x) is defined as below Sol.
cos(sinx) —cos x ,

f(x) = 2 , X # 0 and f(0) = a, f(x) is

continuous at x = 0 if a equals

(A)O (B) 4 (C)5 (D)6

Sol.
51f—;h t—1 then th b

Jfy = 2ii_o where t = 1’ en the number

of points of discontinuities of y = f(x), x e R is
(A)1 (B) 2 )3 (D) infinite
Sol.

J(1+px) —y/(1-px)

—~1<x<0
X .
2. f(x) = is
2x +1 ,0<x<1
X—2
continuous in theinterval [-1, 1], then'p’is equal to:
(A) -1 (B)-1/2 (©)1/2 (D)1
Sol.
6. The equation 2tan x + 5x - 2 = 0 has
(A) no solution
(B) at least one real solution in [0, ©t/4]
(C) two real solution in [0, n/4]
(D) None of these
Sol.
1
3. Let f(x) = X+E [X]l when - 2 < x < 2. Then
(where [ x ] represents greatest integer function) 7. If f(x) = x (vx —+/x +1), then indicate the correct
(A) f(x) is continuous at x = 2 alternative(s)
(B) f(x) is continuous at x = 1 (A) f(x) is continuous but not differentiable at x = 0
(C) f(x) is continuous at x = -1 (B) f(x) is differentiable at x = 0
(D) fx)Is discontinuous at x = 0 (C) f(x) is not differentiable at x = 0
ol (D) None of these
Sol.
4, Let f(x) = sgn (x) and g(x) = x (x2 - 5x + 6).
The function f(g(x)) is discontinuous at
(A) infinitely many points  (B) exactly one point
(C) exactly three points (D) no point
394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564 M OT? 0 o
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-ht.motioniitjee @gmail.com Nurfuring potential through education




[ CONTINUITY & DIFFERENTIABILITY |

x(3e"* +4)
2 _ e1/X
0

, 0
then f(x) is

8. If f(x) = .
) X=

(A) continuous as well differentiable atx = 0

(B) continuous but not differentiableat x = 0

(C) neither differentiable at x = 0 not continuous at x = 0
(D) none of these

Sol.

X
9. If f(x) = m be a real valued function then

(A) f(x) is continuous, but f'(0) does not exist
(B) f(x) is differentiableatx = 0

(C) f(x) is not continuous at x = 0

(D) f(x) is not differentiableatx = 0

Sol.

10. The function f(x) = sin"* (cos x) is
(A) discontinuous atx =0 (B) continuousatx =10
(C) differentiableat x =0 (D) none of these

Sol.
2
x2—1 , 0<x<2
X“+1
— 1.3 42 2 <
11. Iff(x) = 4(X X%) , 2<X<3, then
%(|X—4|+|2—x|)  3<x<4

(A) f(x) is differentiableat x =2 & x =3

(B) f (x) is non—differentiable at x =2 & x = 3

(C) f(x) is differentiable at x = 3 but notat x = 2
(D) f(x) is differentiable at x = 2 but not at x = 3.

Sol.

12, Let f(x) be defined in [-2, 2] by

max (V4 —x? J1+x?) ,—2<x<0
o0 = min (V4 -x%,y1+x%) ,0<x<2 then f(x)

(A) is continuous at all points

(B) is not continuous at more than one point
(C) is not differentiable only at one point

(D) is not differentiable at more than one point.
Sol.

13. The number of points at which the function
f(x) =max.{a-x,a+X,b}-ow<x<x,0<a<b
cannot be differentiable is

(A) 1 (B) 2
(3 (D) none of these
Sol.

14. If f(x) is differentiable everywhere, then
(A) | f | is differentiable everywhere

B)|f |2 is differentiable everywhere

(C) f | f | is not differentiable at some point
(D) f + | f | is differentiable everywhere
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Sol.

15. Let f(x + y) = f(x) f(y) all x and y. Suppose that
f(3) = 3 and f(0) = 11 then f(3) is given by

(A) 22 (B) 44 (C) 28 (D) 33

Sol.

16. If f : R —» R be a differentiable function, such that
f(x + 2y) = f(x) + f(2y) + 4xy v X, y € R, then
(A)f(1)=Ff0)+1 (B) f(1) =f(0) -1
(C)Ff0)=Ff(1)+2 (D)f(0)=f(1)-2

Sol.

> max f(t),0<t<x0<x <1
17. Letf(x) =x-x"and g(x) = {Simx, <> 1
Then in the interval [0, «)
(A) g(x) is everywhere continuous except at two points
(B) g(x) is everywhere differentiable except at two points
(C) g(x) is everywhere differentiable exceptatx =1
(D) none of these

Sol.

18. Let [x] denote the integral part of x € R and
g(x) = x - [x]. Let f(x) be any continuous function
with f(0) = f(1) then the function h(x) = f(g(x))

(A) has finitely many discontinuities

(B) is continuous on R

(C) is discontinuous at some x = ¢

(D) is a constant function.

Sol.

19. The function f(x) is defined by

10G 455 (X2 — 2X +5) if%< <18 x>1

4 if x=1
(A) is continuous at x =1
(B) is discontinuous at x = 1 since f(1*) does not exist
though f(17) exists
(C) is discontinuous at x =
exist though f(17) exists
(D) is discontinuous since neither f(17) nor f(1*) exists.
Sol.

f(x) =

1 since f(17) does not

x? if x is irrational

1 if xis rational then

(A) f(x) is discontinuous for all x

(B) discontinuous for all x exceptatx =0

(C) discontinuous for all x exceptatx =1or-1
(D) none of these

Sol.

20. Let f(x) =

21. A point where function f(x) is not continuous where
f(x) = [sin [x]] in (O, 2n) ; is

([ = ] denotes greatest integer < x)
(A) (3,0) (B)(2,0) (C) (1, 0)
Sol.

(D) (4, -1)
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.| (1+sinmx)t =1
22. The function f defined by f(x)=lim (At sinmx) +1 is

(A) everywhere continuous
(B) discontinuous at all integer values of x
(C) continuous atx = 0 (D) none of these

Sol.
\/;(Hsinl] , x>0
X
1
23. If f(x) = {— —X[1+sm;] , X<0 , then f(x) is
0 , x=0

(A) continuous as well diff. at x =0

(B) continuous at x = 0, but not diff. at = 0
(C) neither continuous at x=0 nor diff. at x=0
(D) none of these

Sol.

24. The functions defined by f(x) = max {x°, (x - 1)?,
2x (1 -x)},0<x<1

(A) is differentiable for all x

(B) is differentiable for all x except at one point

(C) is differentiable for all x except at two points

(D) is not differentiable at more than two points

Sol.

25. letf(x) =[n+ psinx],xe (0,n), nelandpis
a prime number. Then number of points where f(x) is
not differentiable is

(where [ * ] denotes greatest integer function)
(A)p-1 (B)p+1 (CO2p+1 (D)2p-1
Sol.

26. Let f(x) = x> - x?+x + 1and
max{f(t)} for0<t<x for0<x<1

9ix ={ 3-x+x° forl<x<2

(A) g(x) is continuous & derivableat x = 1

(B) g(x) is continuous but not derivable at x = 1

(C) g(x) is neither continuous nor derivableatx = 1

(D) g(x) is derivable but not continuous at x = 1
Sol.

then

27. Let f”(x) be continuous at x = 0 and f”(0) = 4 then
2f(x) —3f(2x) + f(4x)
is

value of Iim >

x—0 X
(A) 11 (B) 2 (©) 12 (D) none of these
Sol.

28. Let f : R — R be a function such that
i [x+y]_ f(x)+f(y)

3 3 , f(0) = 0and f(0) = 3, then

fx) .. L
(A) 'S is differentiable in R

(B) f(x) is continuous but not differentiable in R
(C) f(x) is continuous in R (D) f(x) is bounded in R
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Sol.

29. Suppose that f is a differentiable function with

1
the property that f(x + y) = f(x) + f(y) + xy and LILT?)—

h
f(h) = 3 then
(A) fis a linear function (B) f(x) = 3x + x°
2
(C) f(x) = 3x + X?

Sol.

(D) none of these

30. If a differentiable function f satisfies

4 - 2(f f
f [X;yJ: ( (;)“‘ (¥) v X, y € R, find f(x)
) 117 (D) 4/7
Sol.

(B) 2/7 (C) 8/7

31. Let f : R —» R be a function defined by f(x) = Min
{x+ 1, |x| + 1}. Then which of the following is true ?
(A) f(x) 21 forall xe R

(B) f(x) is not differentiable at x = 1

(C) f(x) is differentiable everywhere

(D) f(x) is not differentiableatx = 0

Sol.

32. The function f : R /{0} — R given by

1
f(x) = x o> _1 can be made continuous at x = 0 by
defining f(0) as

(A) 2 (B)-1 (€0 (D)1

Sol.

33. If fis a real-valued differentiable function satisfying
[f(x) - f(y)] < (x - y)?, X, y € R and f(0) = 0, then
f(1) equals
(A) 1
Sol.

(B) 2 (€0 (D) -1

34. Function f(x) = (|x = 1| + |x = 2| + cos x) where
x € [0, 4] is not continuous at nhumber of points

(A) 3 (B) 2 (O1 (D)0
Sol.
Hix X #—1
35.Iff(x) =y 1+x , then f([2x]) is
1 , X=-1

(where [ * ] represent greatest integer function)

(A) continuous at x = -1 (B) continuous at x=0
(C) discontinuous atx = 1/2 (D) all to these

Sol.
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[ CONTINUITY & DIFFERENTIABILITY |

36. Let f(x + y) = f(x) f(y) for all x, y, where f(0) # 0.
If f(0) = 2, then f(x) is equal to
(A) AeX (B) e** (C) 2x
Sol.

(D) None of these

37. A function f : R — R satisfies the equation

f(x +y) =f(x) . f(y) forall x, y e R, f(x) # 0. Suppose
that the function is differentiable at x = 0 and f'(0) = 2
then f(x) =

(A) f(x) (C) - f(x)
Sol.

(B) 2 f(x) (D) - 2(x)

38. The value of f(0), so that the function,

J@2 —ax +x2) —y/(a® +ax + x?)

f(x)= \/(a+ X) —\/(a— X) (a > 0) becomes
continuous for all x, is given by
(A)ava (B)va (C) -va (D) -a vJa
Sol.
sin{cosx} X% T
_r 2
39. If f(x) = 2 , then f(x) is

1 ;
(where { x } represents the fractional part function)

4
(A) continuous at x = —

2
o
(B) Lim f(x) exists, but f is not continuous at x = E
xo X
2
(C) Lirg f(x) does not exist (D) Lirg f(x) =1

X—>— x—X
2

Sol.

40. Let f(x) = [cos x + sin x], 0 < x < 21 where [x]
denotes the greatest integer less than or equal to x.
the number of points of discontinuity of f(x) is

(A) 6 (B) 5 (©4 (D)3

Sol.

2L xz0
41. The function f(x) = x2 |’
0 ; x=0
represents the greatest integer less than or equal to x
(A) continuous at x =1 (B) continuous at x = -1
(C) continuous at x = 0 (D) continuous at x =2
Sol.

,is [ x ]

sin(in|x]) x=0

42. The function f(x) = [ 1 x=0
(A) is continuous at x = 0

(B) has removable discontinuity at x = 0
(C) has jump discontinuity at x =0

(D) has discontinuity of II" type at x = 0
Sol.
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| x—3| 1
43. The set of all point for which f(x) = m + [+ x]

is continuous is
(where [ x ] represents greatest integer function)

(A)R (B)R -[-1, 0]
(O)R-({2ru[-1,0]) (D)R-{(-1,0)un, nel}
Sol.

44. Let f(x) be a continuous function defined for
1 <x < 3. If f(x) takes rational values of for all x and
f(2) = 10 then the value of f(1.5) is
(A) 7.5 (B) 10 (C)8

Sol.

(D) None of these

45, If [x] and {x} represents integral and fractional
2X+Hx} _ 4
2x]+(x) <O
f(0) = log, a, wherea > 0, a# 1, then

(A) f(x) is continuous at x = 0

(B) f(x) has a removable discontinuity at x = 0

parts of a real number x, and f(x) =

(© L'LT(‘) f(x) does not exist (D) None of these

Sol.

46. If f(x) = p |sin x| + q . e + r|x|3 and f(x) is
differentiable at x = 0, then

(A)p=g=r=0 B)p=0,g=0,reR
(©)g=0,r=0,peR (D)p+g=0,reR

Sol.

47. Let f(x) = sin x, g(x) = [x + 1] and g(f(x)) = h(x)

yis
then h’ (E) is (where [x] is the greatest integer

function)

(A) nonexistent (B)1

() -1 (D) None of these
Sol.

48. If f(x) = [tan? x] then
(where [ * ] denotes the greatest integer function)
(A) &Eg f(x) does not exist

(B) f(x) is continuous at x = 0
(C) f(x) is non-differentiableatx = 0
Sol.

(D) f(0) =1

49. If f(x) = [x]® + /{x}? , then

(where, [ * ] and { * } denote the greatest integer
and fractional part functions respectively)

(A) f(x) is continuous at all integral points

(B) f(x) is continuous and differentiable at x = 0

(C) f(x) is discontinuous v xe I - {1}

(D) f(x) is differentiable v x e 1.

Sol.
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f(h)—£(0)
h

50. If f is an even function such that r|1-Ir0r1
-

has some finite non-zero value, then

(A) fis continuous and derivableat x =0
(B) fis continuous but not derivable at x = 0
(C) f may be discontinuous at x =0

(D) None of these

Sol.

51. fis a continuous function on the real line. Given
that x* + (f(x) = 2) x = /3 . f(x) + 2,/3 - 3 = 0. then
the value of f(/3)

(A) can not be determined (B)is2 (1 - /3)

2(+/3 -2)
V3

(C) is zero
Sol.

(D) is

52. If f(x) = sgn (cos 2x - 2 sin x + 3) then f(x)
(where sgn () is the signum function)

(A) is continuous over its domain

(B) has a missing point discontinuity

(C) has isolated point discontinuity

(D) hasirremovable discontinuity.

Sol.

X

53. Let g(x) = tan ' |x| - cot }|x|, f(x) = [x[+]1] {x},
h(x) = |g (f (x) ) | then which of the following holds
good ?

(where { x } denotes fractional part and [ % ] denotes
the integral part)

(A) his continuous atx = 0

(B) h is discontinuous at x = 0

(C) h(07) = n/2 (D) h(0*) = -n/2

Sol.

x" —sinx"

54. Consider f(x) = Limit———— forx > 0, x# 1,
X +8IinX

f(1) = 0 then "

(A) fis continuousatx =1

(B) f has a finite discontinuity at x = 1

(C) fhas an infinite or oscillatory discontinuity at x = 1.
(D) f has a removable type of discontinuity at x = 1.
Sol.

2
[{l x 1e™ {[x +{x}]}
1/%3 .
(e"" —1)sgn(sinx)
0 for x=0
(where {x} is the fractional part function; [x] is the
step up function and sgn(x) is the signum function of x)
(A) is continuous at x = 0
(B) is discontinuous at x = 0
(C) has a removable discontinuity at x = 0
(D) has anirremovable discontinuity at x = 0
Sol.

for x#0

55. Given f(x)= then, f(x)
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X[X]? 1091502 for—1<x<0
56. Consider f(x) =| In(e** +2/{x}) for 0<x<q TE

tanv/x

(where [ x ] & { * } are the greatest integer function
& fractional part function respectively)

(A) f(0) = In 2 = fis continuous at x = 0

(B) f(0) = 2 = fis continuous at x = 0

(C) f(0) = e’ = fis continuous at x = 0

(D) fhas an irremovable discontinuity atx = 0

Sol.

57. Consider f(x) = , X#0; g(x) =cos

{x}
1 fg(x) for x<0

- J2
ZX’_Z <x< 0, h(x) = 1 for x=0
f(x) for x>0

then, which of the following holds good
(where { x } denotes fractional part function)
(A) ‘h"is continuous at x =0

(B) ‘h’is discontinuous at x = 0

(C) f(g(x)) is an even function

(D) f(x) is an even function

Sol.

58. Consider the function defined on [0, 1] — R,
sinX — X Cos X

fx)= —2

X

function f(x)

(A) has a removable discontinuity at x = 0

(B) has a non removable finite discontinuity at x = 0

(C) has a non removable infinite discontinuity at x = 0

(D) is continuous at x =0

Sol.

if x # 0 and f(0) = 0, then the

X
59. Let f(x) = % for x # 0 & f(0) = 1 then,

(A) f(x) is conti. & diff. at x =0

(B) f(x) is continuous & not derivable at x = 0
(C) f(x) is discont. & not diff. at x =0

(D) None of these

Sol.

60. Given

#_5
[[WH]]

x|
)= |09 @I+ x| F
3+all

f 0;a>1
or |x]#0;a> then

0 for x=0
(where [x] represent the integral part function)
(A) fis continuous but not differentiable at x = 0
(B) fis cont. & diff. at x =0
(C) the differentiability of 'f’ at x = 0 depends on the
value of a
(D) fis cont. & diff. at x = 0 and for a = e only.
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Sol.

61. For what triplets of real number (a, b, c) with

X X <1

. is
ax? +bx+c otherwise

a # 0 the function f(x) = [
differentiable for all real x ?
(A){(a,1-2a,a)laeR, a0}

(B) {(a, 1 -2a, ¢)|la,ceR,a=0}
(O {(@,b)la,b,ceR,a+b+c=1}
(D){(a, 1-2a,0)| aeR, a=0}

Sol.

62. A function f defined as f(x) = x[x] for -1 <x <3
where [x] defines the greatest integer <x is

(A) conti. at all points in the domain of but non-
derivable at a finite number of points

(B) discontinuous at all points & hence non-derivable
at all points in the domain of f

(C) discont. at a finite number of points but not
derivable at all points i the domain of f

(D) discont. & also non-derivable at a finite number of
points of f.

Sol.

63. The function f(x) is defined as follows

- X if x<0
2 .
f(x) = X if 0<x<1 then f(x) is
x2—x+1 if  x>1

(A) derivable & cont. atx = 0

(B) derivable at x = 1 but not cont. at x
(C) neither derivable nor cont. atx =1
(D) not derivable at x = 0 but cont. atx =1
Sol.

Il
-

X+ {x}+xsin{x} for x=0
0 for x=0

(where { * } denotes the fractional part function)

(A) 'f" is cont. & diff. at x =0

(B) 'f" is cont. but not diff. at x = 0

(C) 'f"is cont. & diff. at x = 2 (D) None of these

Sol.

64. If f(x) = { then
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[ Exercise — 11 [ MULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

1. Which of the following function(x) not defined at x =0 | sol.
has/have non-removable discontinuity at the origin ?

1

— 1
(A) f(x) = 1 (B) f(x) =tan" —
14 2% X
1
ex —1 1
(©)f(x) = 7 (D) f(x) = 07x]
ex +1
Sol. 4. The points at which the function,

f(x) = |x = 0.5] + |[x = 1| + tan x does not have a
derivative in the interval (0, 2) are

(A) 1 (B) n/2 (©)3 (D) 1/2

Sol.

2. Which of the following function(s) defined below
has / have single point continuity. 5. Let f(x) and g(x) be defined by f(x) = [x] and

; . 0 , xel
1 ifxeQ x ifxeQ g(x)={

2
(A)f(x)={ - (B) g(x)=[ L x?, xeR-I
0 fTxed 1=x ifxeQ (where [ x ] denotes the greatest integer function)

then

x ifxeQ x ifxeQ (A) L'g} g(x) exists, but g is not continuous at x = 1
©h) =10 itxeq PKI=|_y ifxeq _
(B) L'g} f(x) does not exist and f is not continuous
Sol.
atx = 1.
(C) gof is continuous for all x
(D) fog is continuous for all x
Sol.
| x -3 X1
2
3. The function f(x) = X3 + 13 ,Xx<1is
4 2 4
(A) continuous at x =1 (B) differentiableatx =1
(C) continuous at x = 3 (D) differentiable at x = 3
394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564 M 0 T? ON:=:=
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-ht.motioniitjee @gmail.com Nurfuring potential through education




[ CONTINUITY & DIFFERENTIABILITY |

3 —
3—{cot1[2x . 3
6. Given f(x) = X

{x2}cos(e"¥)

H forx>0
then

for x <0

which of the following statement does not hold good.
(where { x } & [ x ] denotes the fractional part and
the integral part function respectively)

(A)f(0')=0

(B) f(0*) =3

(C) f(0) = 0 = continuity of fatx =0

(D) irremovable discontinuity of fatx = 0

Sol.

7. Let f(x) = [x] + {x—[x] . Then

(where [ x ] denotes the greatest integer function)
(A) f(x) is continuous on R*

(B) f(x) is continuous on R

(C) f(x) is continuous on R -1

(D) discontinuous atx = 1

Sol.

n
k
8. If f(x) = zak IXI", where a,’s are real constants,
k=0

then f(x) is

(A) continuous at x = 0 for all a,

(B) differentiable at x = 0 for all 3, € R

(C) differentiable at x = Oforalla,,,, =0
(D) none of these

Sol.

9. Let [x] denotes the greatest integer less than or
equal to x. If f(x) = [x sin nx], then f(x) is

(A) continuous atx =0

(B) continuous in (-1, 0)

(C) differentiable at x=1

(D) differentiable in (-1, 1)

Sol.

10. Let f(x) = M (sin x)?", then fis

(A) continuous at x = ©/2

(B) discontinuous at x = n/2

(C) discontinuousatx =0

(D) discontinuous at an infinite number of points
Sol.

11. Let f(x) = then

[sinx]
(where [ x ] denotes the greatest integer function)
(A) domain of f(x)is 2nn + 7, 2n 7t + 2n) U {2n T+ 7/2}
(B) f(x) is continuous whenx e (2nn + &, 2n © + 27n)
(C) f(x) is continuous at x = 2nn + ©/2

(D) f(x) has the period 2n
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Page # 41

Sol.

12. The function f(x) = \/1_+/1— x2

(A) hasitsdomain -1 <x<1
(B) both f(07) and f'(0) are finite
(C) is continuous and differentiable atx = 0

(D) is continuous but not differentiable at x = 0

Sol.

Xn
—. Then
X

13. Let f(x) = lim
noe {4

(A) f(x) isaconstantin0 <x <1

(B) f(x) is continuous at x = 1

(C) f(x) is not differentiable atx = 1

(D) None of these

Sol.

14. Let 'f' be a continuous function on R.

2

If f(1/4") = (sine") ™ + ~ then f(0) is

n? +
(A) not unique (B) 1
(C) data sufficient to find f(0)
(D) data insufficient of find f(0)
Sol.

15. Indicate all correct alternatives if, f(x) = -1,

X
2
then on the interval [0, =]

1
(A) tan (f(x)) & ﬁ are both continuous

1
(B) tan (f(x)) & ﬁ are both discontinuous
(C) tan (f(x)) & f ' (x) are both continuous

(D) tan (f(x)) is continuous but ﬁ is not
Sol.

16. f(x) = |[X] x| in = 1<x <2, then f(x) is
(where [ x ] denotes greatest integer < x)
(A)cont.atx =0 (B) discont. x =0
(C) not diff. at x = 2 (D) diff. atx = 2
Sol.

17.f(x) =1 + x . [cos x] in 0 < x <7/2, then f(X) is
(where [ x ] denotes greatest integer < x)

(A) Itis continuous in 0 < x < /2

(B) It is differentiable in 0 < x < /2

(C) Its maximum value is 2

(D) Its not differentiable in 0 < x < /2

Sol.
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18. f(x) = (sin"! x)?. cos (1/x) if x= 0 ; f(0) = 0, f(x) is
(A) cont. nowherein -1<x<1

(B) cont. every wherein -1<x<1

(C) differentiable no wherein -1<x<1

(D) differentiable everywhere in -1 < x< 1

Sol.

19. f(x) = |x] + |sin x| in [‘EE] Itis

(A) conti. no where

(B) conti. every where

(C) differentiable no where

(D) Differentiable every where exceptatx =0

Sol.

20. If f(x) = 3(2x + 3)¥3 + 2x + 3 then
(A) f(x) is cont. but not diff. at x = -3/2
(B) f(x) is diff. at x = 0
(C)f(x)iscont.atx =0

(D) f(x) is diff. but not cont. at x = -3/2
Sol.

21. If f(x) = 2 + |sin"! x|, itis

(A) continuous no where

(B) continuous every where in its domain
(C) differentiable no where in its domain
(D) Not differentiableatx =0

Sol.

22. If f(x) = x?. sin (1/x), x = 0 and f(0) = 0 then,
(A) f(x) is continuous at x = 0

(B) f(x) is derivableatx =0

(C) f(x) is continuous at x = 0

(D) f(x) is not derivableat x = 0

Sol.

23. A function which is continuous & not differentiable
atx=0is

(A) f(x) = xfor x < 0 & f(x) = x> forx >0

(B) g(x) = xforx < 0&g(x) =2xforx>0

(O h(x) =x|x]xeR DYKX)=1+|x|,xeR
Sol.

24. If sin"! x + |y| = 2y then y as a function of x is
(A) defined for -1<x<1
(B) continuousat x = 0
(C) differentiable for all x
dy__ 1
(D) such that dx Sm for-1<x<0
Sol.
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[ Exercise -1 |

SUBJECTIVE QUESTIONS ]

3x° +ax+a+3

1. If the function f(x) = 5 is continuous
XS +x-2

at x = -2. Find f(-2).

Sol.

2. Find all possible values of a and b so that f(x) is
continuous for all x e R if

|ax+3| if x<-1
|3x+al if —1<x<0
f(x) = bsm2x_2b if 0<x<m
X
2 .
Sol. cos” x—3 if x>m
In cos x .
—— ifx>0
4. 2
3. Let f(x) = ;Jni(x_11 Is it possible to
———  ifx<0
In (1+tan2x)

define f(0) to make the function continuous at x = 0.
If yes what is the value of f(0), if not then indicate
the nature of discontinuity.

Sol.

4. Suppose that f(x) = x> - 3x2 -4x + 12 and

f(x)
= | x-3
h(x) = | X

3

then
, Xx=3

(a) find all zeros of f(x)

(b) find the value of K that makes h continuousat x = 3
(c) using the value of K found in (b), determine whether
h is an even function.

Sol.

2 x2
— y2
5. Let y, (x) x> + T2 + (14 x2)2 Foiininns +
X2 Li
(1+X2)n—1 and Y(X) = nl)n:o yn(X)

Discuss the continuity of y (x) (ne N) and y(x) atx =0
Sol.

6. Draw the graph of the function
f(x) = x - |x = x?|], -1 <x <1 &discuss the continuity
or discontinuity of fin the interval -1 <x < 1.
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Sol.
1—sinnx 1
_ X < —
1+ cos 2mx 2
]
7. Letf(x) = P, X= 5 Determine the
V2x -1 . 1
442x—1-2
value of p, if possible, so that the function is continuous
atx =1/2
Sol.

8. Given the function g(x) = {6-2x and

h(x) = 2x?> - 3x + a. Then
(a) evaluate h (g(2))

Sol.

g(x), x<1
(b) Iff(x)= , find ‘a’ so that f is continuous.
Sol. h(x), x>1

1+x , 0<x<2 .
9.Lletf(x) = |3_yx 2<x<3- Determine the form of

g(x) = f[f(x)] & hence find the point of discontinuity
of g, if any.
Sol.

10. Let [x] denote the greatest integer function &
f(x) be defined in a neighbourhood of 2 by

[x+1]
4 _
(exp{(x+2)¢n4}) 16 x<2
f(x) = 1 4*-16 »
—Cos(x—2) X2

(x—2)tan(x—2)

Find the values of A & f(2) in order that f(x) may be
continuous at x = 2.
Sol.

tan6x

[§J tan5x
5

b+2 if X =

if O<x<E
2

11. The function f(x) = g
[a\tanx\j

(t+]cosx )\ P if g<x<n

Determine the values of ‘a’ & 'b’, if fis continuous

at x = n/2.
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[ CONTINUITY & DIFFERENTIABILITY |

Sol.

12. Determine a & b so that f is continuous at x =

3

1-sin®x . B
— if x<=
3cos” x 2
where f(x) = | a it x =g
b(1—sm>2<) P x >g
Sol. L (m—2x)

13. Determine the values of a, b & c for which the

sin(a+1)x +sinx for x<0
X
function f(x) = c for x=0
(x +bx2)1/2 _xV2
for x>0
bx3/2
is continuous at x = 0.

Sol.

14. If f(x) = S|n3x+AS|r;2x+BS|nx

X
x = 0. Find A & B. Also find f(0).
Sol.

(x #0) is cont. at

(g —sin™ (1 - {X}Z)Jsin_1(1 —{x})

for x#0
15. Let f(x) = V2(1x - 1)
T for x=0
2

where {x} is the fractional part of x.
Consider another function g(x); such that
f(x) for x>0
9(x) = {Z\Ef(x) for x <0
Discuss the continuity of the functions f(x) & g(x)
atx = 0.
Sol.

16. Discuss the continuity of fin [0, 2] where

4x -5 f 1
f(x) = Hcoxsnx]l ] fg: ))((21 ; where [x] is the greatest

integer not greater than x. Also draw the graph.
Sol.
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[ CONTINUITY & DIFFERENTIABILITY |

17. If f(x) = x + {-x} + [x], where [x] is the integral
part & {x} is the fractional part of x. Discuss the
continuity of fin [-2, 2].

Sol.

18. Find the locus of (a, b) for which the function

ax—b for X <1
f(x) = | 3x for 1<x<2
bx? —a for X>2

is continuous at x = 1 but discontinuous at x = 2.
Sol.

19. A function f : R - R is defined as

Lim ax®+bx+c+e™

f(xX) = 5w T oe™ where f is continuous on
R. Find the values of a, b and c.
Sol.
n
Lim X f(x)+h(x)+1
20. Let g(x) = ——F—— ,x#1and
9() = n5er 2x" +3x+3
2 X
_ Lim _sin“(m27) : .
g(1) = 4 n(sec(n2") be a continuous function
at x = 1, find the value of 4 g (1) + 2 f(1) - h(1).

Sol.

2+cosx 3

21. The function f(x) = [ _x_4] is not defined

x3 sinx
at x = 0. How should the function be defined at x = 0
to make it continuous at x = 0.

Sol.
sinx _ ,tanx
i for x>0
tanx —sinx .
22, f(x) = i 2y 4 ind1 > , iff
mA+x+x9)+In(1-x+x%) for x <0

SEC X — COS X
is continuous at x = 0, find ‘a’

X
Now if g(x) = fn(z—gj cot (x-a)forx=a,a=0,a>0.

If g is continuous at x = a then show that g(e'l) =-e.
Sol.

23. Let f(x + y) = f(x) + f(y) for all x, y & if the
function f(x) is continuous at x = 0, then show that
f(x) is continuous at all x.

Sol.
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Page # 47

n
X X
24. Given f(x) = Ztan(?J sec [—] S rneN

r—1
r=1 2

=k

for x = % and the domain of g(x) is (0, ©/2).

(where [ * ] denotes the greatest integer function)
Find the value of k, if possible, so that g(x) is
continuous at x = n/4. Also state the points of
discontinuity of g(x) in (0, &/4), if any.

Sol.

f(x
1x) where

— 3 _ 2 _ _ —
25. Lletf(x) = x"-x"=-3x-1and h(x) = 9(x)

h is a rational function such that
(a) itis continuous every where except whenx = -1,

(b) xLLn:o h(x) =~ and (c) xL_i>n21h(x) = %
Find HM (3h(x) + f(x) - 29(x))
Sol.

26. (a) If g : [a, b] onto [a, b] is continuous show
that there is some c € [a, b] such that g (¢) = c.
Sol.

(b) Let f be continuous on the interval [0, 1] to R
such that f(0) = f(1). Prove that there exists a point

o1 1
cin |53 suchthatf(c)=fc+§

Sol.

27. Consider the function

1-a* +xa* /na

> for x<0

a* x
2XaX —x /n2-x¢na-1

X2

where a > 0.

90 = for x>0

find the value of ‘a’ & '‘g(0)’ so that the function g(x)
is continuous at x = 0.
Sol.
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[ Exercise -1V |

ADVANCED SUBJECTIVE QUESTIONS ]

1. Discuss the continuity & differentiability of the
function f(x) = sin x + sin | x |, x € R. Draw a rough
sketch of the graph of f(x).

Sol.

2. Examine the continuity and differentiability of
fx)=|x|+|x-1]|+|x-2]xeR.

Also draw the graph of f(x).

Sol.

3. If the function f(x) defined as

2
X for x<0

f(x) = [ 2 1 is continuous but not
x" sin— for x>0

derivable at x = )f) Then find the range of n.
Sol.

4. A function f is defined as follows :

1 for —oo<x<0
f(x) =| 1+|sinx| for OSX<g

2
2+ x—E for ESx<+o<>
2 2

Discuss the continuity & differentiability at x = 0
& x =mn/2.
Sol.

5. Examine the origin for continuity & derivability in
the case of the function f defined by

f(x) = x tan (1/x), x # 0 and f(0) = 0.

Sol.

6. Let f(0) = 0 and f '(0) = 1. For a positive integer k,
show that

1
Lim - (f(x)+f(g]+....f(§n =

Sol.
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[ CONTINUITY & DIFFERENTIABILITY |

1 1

(1.1
7. Let f(x) = xe (lxl XJ ; x # 0, f(0) = 0, test the

continuity & differentiability at x = 0.
Sol.

8. Iff(x) = |x - 1]. ([x] - [-x]), then find f '(17) &
f’(17) (where [ x ] denotes greatest integer function)
Sol.

ax®-b if [x|<1

9. Iff(x) = | 1

[ x|

Find the values of a & b.
Sol.

it x| 1 is derivable at x = 1.

10. Let f(x) be defined in the interval [-2, 2] such

-1 ,-2<x<0
that f(x) = [x—1 . 0<x<2 &gx)=f(| x|)+]f(x)].

Test the differentiability of g(x) in (-2, 2).

Sol.

11. Given f(x) = cos™!|sgn _2X] | piscuss the
3x—[x]

continuity & differentiability of f(x) atx = £ 1.

(where sgn ( x ) denotes the signum function & [ x ]

denotes the greatest integer function)

Sol.

12. Examine for continuity & differentiabilty the points
x = 1 & x = 2, the function f defined by

X[x] , 0<x<2
fx) = [(x—1)[x] , 2<x<3
where [x] = greatest integer less than or equal to x.
Sol.

XI+IX _ o

13.f(x)=x.{ ],x¢0&f(0)=—1

[x]+]x|
where [Xx] denotes greatest integer less than or equal to x.
Test the differentiability of f(x) at x = 0.
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[ CONTINUITY & DIFFERENTIABILITY |

Sol.

14. Discuss the continuity & the derivability in [0, 2]

|2x -3 |[x] for x>1

of f(x) = | gjp ™ for x <1

(where [ x ] denotes greatest integer function)
Sol.

15. Let f(x) = [3 + 4 sin x]. If sum of all the values of
X" in [, 2x] where f(x) fails to be differentiable, is

k?n , then find the value of k.

(where [ x ] denotes the greatest integer function)
Sol.

ax(x-1)+b  whenx<1
16. The function f(x) = | x-1 when1<x <3,
px2+qx+2 when x > 3

Find the values of the constants a, b, p, g so that
(i) f(x) is continuous for all x
(ii) f '(1) does not exist

Sol.

1/x_a—1/x

a1/x +a—1/x ’

17. Examine the function, f(x) = x. x#0
(a > 0) and f(0) = 0 for continuity and existence of
the derivative at the origin.

Sol.

18. Discuss the continuity on 0 < x < 1 & differentiability
at x = 0 for the function.

f(x) = x.sin 1 sin where x #0, x = 1/ rn &

X.sin—
X

f(0)=f(1/rn)=0,r=1,2,3, .cc.......
Sol.

1-x, (0<x<1)
x+2, (1<x<2

19.100 = | /T pex<4

Discuss the continuity &

T

differentiability of y = f[f(x)] for 0 < x <4.

(iii) f '(x) is continuous at x = 3
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[ CONTINUITY & DIFFERENTIABILITY |

Sol.

20. Let f be a function that is differentiable every
where and that has the following properties

(i) f(x +h) = f(x) - f(h) (i) f(x) > O for all real x.
(ifi)f(0)=-1

Use the definition of derivative to find f '(x) in terms
of f(x).

Sol.

21. Let f(x) be a function defined on (-a, a) with
a > 0. Assume that f(x) is continuous at x = 0 and

Lim f(x)-f(kx)

X0 < = o, where k € (0, 1) then compute

f'(0%) and f'(07), and comment upon the differentiability
of fatx = 0.
Sol.

cosl‘ if x-0
2x
0 if x=0

(a) Show that f ’(0) exists and find its value
Sol.

2
X
22. Consider the function, f(x) = [

(b) Show that f '(1/3) does not exist.
Sol.

(c) For what values of x, f ‘(x) fails to exist.
Sol.

23. Let f(x) be a real valued function not identically
zero satisfies the equation, f(x + y") = f(x) + (f(y))"
for all real x & y and f'(0) > 0 where n (> 1) is an odd
natural number. Find f(10).

Sol.

24. A derivable function f : Rt — R satisfies the

condition f(x) - f(y) > /n (x/y) + x — y for every X,

y € R*. If g denotes the derivative of f then compute
100

the value of the sum ;9(5] .

Sol.
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[ CONTINUITY & DIFFERENTIABILITY |

[ EXERCISE — V I

JEE PROBLEMS ]

1. The function f(x) = [x]2 - [xz] (where [y] is
the greatest integer less than or equal to y), is
discontinuous at [JEE 99,2]
(A) all integers (B) all integers except 0 & 1
(C) all integers except 0 (D) all integers except 1
Sol.

2. Determine the constants a, b & ¢ for which the

(+ax)”*  for x<0
function f(x) = | b for x=0 is continuous
(x+c)1/3 -1
m for x>0
atx = 0. [REE 99,6]
Sol.

3. Discuss the continuity of the function

o1 _o
f(x)=1 g1 5" #*1 at x=1. [REE 2001 (Mains), 3]
1, x=1

Sol.

4. Let f : R — R be any function. Define g : R - R by
g(x) = | f(x) | for all x. Then g is [JEE 2000(Scr.), 1]
(A) onto if f is onto (B) one one if f is one one
(C) continuous if f is continuous

(D) differentiable if f is differentiable.

Sol.

5. Discuss the continuity and differentiability of the

X

1 b
function, f(x) = +)lX| | X
x| <

1=x]

[ x|>1
[REE 2000, 3]

Sol.

6. (a) Let f: R — R be a function defined by,

f(x) = max [x, x3]. The set of all points where f(x) is NOT
differentiable is [JEE 2001 (Scr.)]
(A){-1,1} (B){-1,0} (D) {-1,0, 1}

Sol.

(C) {0, 1}

(b) The left hand derivative of, f(x) = [x] sin (x x) at
x =k, k anintegeris

(where [ x ] denotes the greatest function)

(A) (-1)(k - D)z (B) (-1)“ 'k - I)n

(C) (-1)km (D) (1) "k
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Sol.

(c) Which of the following functions is differentiable
atx=07?

(A) cos (| x[|) + | x|
(C)sin (| x[) + | x|
Sol.

(B) cos (| x [) = | x|
(D) sin (I x ) - | x|

7. Let a € R. Prove that a function f : R - R is
differentiable at a if and only if there is a function
g : R - R which is continuous at o and satisfies
f(x) - f(a) = g(x) (x - a) forall x e R.

[JEE 2001 (mains), 5]
Sol.

8. The domain of the derivative of the function

tan"'x  if [x|<1
f(x) = %(le) it |x|>119 [JEE 2002 (Scr.), 3]
(A)R-{0} (B)R-{1}
(CO)R-{-1} (D)R-{-1,1}
Sol.

9. Let f : R —» R be such that f(1) = 3 and f(1) = 6.

1/x
it F(1
The Limit (ﬂj equals [JEE 2002 (Scr.), 3]

x—0 f(1)
(A) 1 (B) e'/? () & (D) &
Sol.
X+a if x<0 X +1 if x<0
10. f(x) = {|x—1| it x>0 and g(x) = {(x—1)2+b if x>0

Where a and b are non negative real numbers. Determine
the composite function gof. If (gof) (x) is continuous for
all real x, determine the values of a and b. Further, for
these values of a and b, is gof differentiable at x = 07?
Justify your answer. [JEE 2002, 5]

Sol.

11. If a function f : [-2a, 2a] — R is an odd function
such that f(x) = f(2a - x) for x € [a, 2a] and the left
hand derivative at x = a is 0 then find the left hand
derivative at x = - a. [JEE 2003 (Mains), 2]

Sol.

12. (a) The function given by y = ||x| - 1] is
differentiable for all real numbers except the points

[JEE 2005 (Scr.), 3]
1 (D)-1

(A){0, 1, -1} (B) £1
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Sol. Sol.
(b) If [f(x,)-f(x,)] < (xl—xz)z, for all x,, x, € R. Find
the equation of tangent to the curve y = f(x) at the
int(1,2). EE 2 Mai 2 -
point (1,2) [JEE 2005 (Mains), 21 | 16 1ot £ : (0, 1) - R be defined by f(x) = 1b_ b);
where b is a constant such that 0 < b < 1. Then
(A) fis notinvertible on (0, 1) [JEE 2011, 4]
1
(B) f=f1on (0, 1) and f'(b) = 70
13. If f(x) = min. (1, x>, x°), then [JEE 2006, 5] |
(A) f(x) is continuous v x € R (C)f=fton (0,1)andf'(b) = 7(0)
(B)f(x) >0, vx>1 _ (D) -1 is differentiable on (0, 1)
(C) f(x) is not differentiable but continuous v x € R Sol.
(D) f(x) is not differentiable for two values of x
Sol.
T T
(x=1)" XT3 X573
14. Let g(x) = m ;0<x< 2, mandnare T
hcos™(x~1) 17. If f(x) = { —COSX, - <x<0 then
integers m = 0, n > 0 and let p be the left hand x—1 D<x<1
derivative of |x - 1] at x = 1. If XLL”% g(x) = p, then In x, x> 1
[JEE 2008, 3] (A) f(X) is continuous at x = —E [JEE 2011, 4]
(Ayn=1,m=1 (B)yn=1,m=-1 (B) f(x) is not differentiable at x = 0
(C)n=2,m=2 (D)n>2, m=n (C) f(x) is differentiable at x = 1
Sol. (D) f(x) is differentiable at x = - 3/2
Sol.
15. Let f : R —» R be a function such that
f(x +vy) =f(x) + f(y), VX, y € R.
If f(x) is differentiable at x = 0, then [JEE 2011, 4]
(A) f(x) is differentiable only in a finite interval
containing zero
(B) f(x) is continuous V x € R
(C) f'(x) is constant vV x e R
(D) f(x) is differentiable except at finitely many points
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Answer Ex-1 SINGLE CORRECT (OBJECTIVE QUESTIONS)
1.A 2.B 3.D 4.C 5.C 6.B 7.B 8.B
9.B 10.B 11.B 12.D 13.B 14.B 15.D 16.D
17.C 18.B 19.D 20.C 21.D 22.B 23.B 24.C
25.D 26.C 27.C 28.C 29.C 30.D 31.C 32.D
33.C 34.D 35.D 36.B 37.B 38.C 39.C 40.B
41.D 42.D 43.D 44.B 45.C 46. D 47. A 48.B
49.C 50.B 51.B 52.C 53.A 54.B 55.A 56. D
57.A 58. D 59.C 60.B 61.A 62.D 63.D 64.D

Answer Ex-II MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1.ABC 2. BCD 3.ABC 4. ABD 5.ABC 6.AC 7.ABC
8.AC 9. ABD 10. BD 11. ABD 12. ABD 13.AC 14.BC
15.CD 16.AC 17.AB 18. BD 19. BD 20. ABC 21.BD
22. ABD 23. ABD 24. ABD

Answer Ex-IllI SUBJECTIVE QUESTIONS
1.1 2.a=0,b=1 3.f(0") =—2;f(0") = 2 hence f(0) not possible to define
4.(@)—2,2,3 (b)K=5 (c)even 5.y, (x) is continuous at x = 0 for all n and y(x) is dicontinuous at x = 0
6. fis cont. in —1 < x <1 7. P not possible. 8.(a)4-32 +a,(b)a=3
9.9x)=2+xfor0<x<1,2—-xfor1<x<2,4-xfor2<x<3, gisdiscontinuousatx=1&x=2
10.A=1;f(2) =1/2 11.a=0;b=-1 12.2a=1/2,b=4 13.2=-3/2,b#0,c=1/2
14.A=—4,B=5,(0) = 1 15.1(0%) = 2 1£(0) = ﬁ — fis discont. atx =0 ;

g(0") =g(0) =g(0) =n/2 = giscont.atx =0

16. the function f is continuous everywhere in [0, 2] except for x = 0, % 1&2

17. discontinuous at all integral values in [-2, 2]
18. locus (a, b) — X, y is y = x — 3 excluding the points where y = 3 intersects it.

19.c=1,a,be R 20.5 21, —
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/n(tanx) if 0<x<=>

24.k=0;9(x) = . Hence g(x) is continuous everywhere.

0 it = <x<ZX
4 2
25. g(x) = 4(x + 1) and limit = - 7 07 - % 5(0) - (£n82)2
Answer Ex-1V ADVANCED SUBJECTIVE QUESTIONS

1. f(x) is conti. but not derivable at x = 0 2.conti. v xe R, notdiff.atx=0,1&2

3.0<n< 1 4. conti. but not diff. at x = 0; diff. & conti. at x = /2
5. conti. but not diff. atx =0 7. fis cont. but not diff. at x =0
8.f'(1M=3,f'(17) =-1 9.a=1/2,b=3/2 10. not derivable atx =0 & x =1

11. fis cont. & derivable at x = —1 but f is neither cont. nor derivable at x = 1
12. discontinuous & not derivable at x = 1, continuous but not derivable at x =2 13. not derivableatx =0
14. f is conti. at x = 1, 3/2 & disconti. at x = 2, f is not diff. at x = 1, 3/2, 2 15.24

16.a=#1,b=0,p= % andg=—-1 17.1fae (0,1) f’(0"=-1;f'(0")=1 = continuous but not derivable

Ifa=1;f(x) =0whichis constant = continuous but not derivable
lfa>1f’(0)=-1;f’(0")=1 = continuous but not derivable
18.conti. in0<x <1 &notdiff. atx=0

19. f is conti. but not diff. at x = 1, disconti. at x = 2 & x = 3. cont. & diff. at all other points
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20. f '(x) = —f(x) 21'f(0)=ﬁ 22.(a)f '(0) = 0, (b)f{3 =—Eandf 3 =E,(c)x—2n+1nel
23.(x) =x = f(10) =10 24.5150
Answer Ex-V JEE PROBLEMS
2 2 . . . _
1. D 2. a=ln§;b=§; c=1 3. Discontinuous at x = 1; f(17) =1 and f(1) = —1
4. C 5. Discont. Hence hot deri. at x =1 & —1. Cont. & deri. atx=0
(@)D, (b)A, (c)D 8. D 9. C 10. a=1;b=0(gof)’(0)=0
1. f(@)=0 12 (a)A (b)y-2=0 13. AC 14. C
15. B.C 16. CD 17. AB,CD
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